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Introduction
Let E be an elliptic curve defined over Q, let p be a prime number, and let n ≥ 1. The central object of study of this article is the number field Q(E[p n ]) that results by adjoining to Q the coordinates of all p n -torsion points on E(Q), where Q is a fixed algebraic closure of Q. The existence of the Weil pairing ( [35] , III, Corollary 8.1.1) implies that Q(E[p n ]) contains all the p n -th roots of unity of Q, i.e., we have an inclusion Q(ζ p n ) ⊆ Q(E[p n ]), where ζ p n is a primitive p n -th root of unity. It follows that the Galois extension Q(E[p n ])/Q is ramified above p, and the ramification index of any prime ℘ of Q(E[p n ]) lying above p, denoted by e(p, Q(E[p n ])/Q), is divisible by ϕ(p n ) = e(p, Q(ζ p n )/Q). The goal of this article is to construct elliptic curves E/Q such that e(p, Q(E[p n ])/Q) is precisely ϕ(p n ). In other words, we are interested in finding elliptic curves such that the ramification index of the primes above p in Q(E[p n ])/Q is minimal (and equal to ϕ(p n )). One such example is the curve E/Q with Cremona label "11a1" and Weierstrass model E/Q : y 2 + y = x 3 − x 2 − 10x − 20.
In this case Q(E [5] )/Q is rather small, in fact Q(E [5] ) = Q(ζ 5 ) and the ramification at 5 is indeed minimal as defined above (we will discuss this example further in Question 4.7 and Example 8.4). Moreover, we know that in general Gal(Q(E[p n ])/Q) is isomorphic to a subgroup of GL(2, Z/p n Z), so we are interested in constructing elliptic curves such that the extension Q(E[p n ])/Q has minimal ramification above p, and it is as large as possible, i.e., Gal(Q(E[p n ])/Q) ∼ = GL(2, Z/p n Z). When this occurs, we have Gal(Q(E[p n ])/Q(ζ p n )) ∼ = SL(2, Z/p n Z), and the extension Q(E[p n ])/Q(ζ p n ) is unramified at all primes above the rational prime p. For instance, this is the case for p = 5, n = 5, and the curve E/Q : y 2 + y = x 3 − 11x + 14.
Moreover, the extension Q(E [5 5 ])/Q(ζ 5 5 ) is only ramified at primes above 2539. The main theorem of this article is as follows.
Theorem 1.1. For every prime p and every integer n ≥ 1, and for every ordinary j-invariant λ ∈ F p , with λ ≡ 0, 1728 mod p, there are infinitely many non-isomorphic, non-CM, elliptic curves E, defined over Q, such that (a) j(E) ≡ λ mod p and E/Q has ordinary good reduction at p, (b) the ramification index of p in the extension Q(E[p n ])/Q is exactly ϕ(p n ), and (c) E[p] an irreducible Gal(Q/Q)-module.
Moreover, if p ≥ 17 and E is such an elliptic curve, the representation ρ E,p n : Gal(Q/Q) → Aut(E[p n ]) ∼ = GL(2, Z/p n Z) given by the action of Gal(Q/Q) on E[p n ] is surjective. In particular, Q(E[p n ])/Q(ζ p n ) is a SL(2, Z/p n Z) extension, unramified at primes above p.
For example, let p = 37 and n = 2. Then, for each integer k ≥ 1, the elliptic curve
k , with β k = 9490 + 50653k and j(E 2,k ) = 11218 + 50653k, satisfies that Q(E 2,k [37 2 ])/Q(ζ 37 2 ) is a SL(2, Z/37 2 Z) extension, unramified at primes above 37 (see Examples 6.4 and 7.5 for similar infinite families of elliptic curves, for any n ≥ 1).
The proof of Theorem 1.1 is as follows. The existence of infinitely many elliptic curves with minimal ramification is a consequence of Gross' work on companion forms ( [9] ; see Section 4), the classification of non-cuspidal rational points on the modular curves X 0 (N ) (see for instance Section 9 of [21] ), and Hilbert's irreducibility theorem (Section 5). The existence of infinitely many SL(2, Z/p n Z) extensions unramified above p is shown in Section 7 as an application of Serre's classification of maximal subgroups of GL(2, Z/pZ) as in Theorem 7.2, and recent work of Bilu, Parent, and Rebolledo ( [1] , [2] ) on the split case of Serre's uniformity question.
The first two sections discuss background material on Borel subgroups, and elliptic curves with ordinary good reduction, respectively. In order to apply Gross' criterion we need to calculate certain canonical lifts of j-invariants mod p. We explain how to do this in Section 4, and offer several examples (see Example 4.6 ). In Section 6 we provide examples of curves with minimal ramification for small primes p. In Section 8, we use the level 1 case of Serre's modularity conjecture [32] (now a theorem of Khare [16] , and shown independently by Dieulefeit [6] ) to show the following theorem (the usual p-adic valuation of Q will be denoted by ν p ). Theorem 1.2. Let p be a prime, let n ≥ 1, and let E/Q be an elliptic curve such that the Galois representation on the p-torsion ρ E : Gal(Q/Q) → GL(E[p]) is absolutely irreducible, and with either good reduction at p, or with multiplicative reduction at p and ν p (j(E)) divisible by p. Then, the extension Q(E[p n ])/Q(ζ p n ) is always ramified at least at one prime ideal above a rational prime q distinct from p.
As a corollary of Theorem 1.2, we see that any elliptic curve E/Q with good reduction at p, and such that the extension Q(E[p n ])/Q has Galois group GL(2, Z/p n Z) and is minimally ramified at primes above p (i.e., elliptic curves whose existence we prove in Theorem 1.1), must also satisfy that Q(E[p n ])/Q(ζ p n ) ramifies at least at one prime not above p.
Finally, at the end of Section 8 we calculate several examples of elliptic curves with Galois group Gal(Q(E[p n ])/Q(ζ p n )) isomorphic to SL(2, Z/pZ), and such that Q(E[p n ])/Q(ζ p n ) is ramified above exactly one prime q = p.
Borel subgroups
In this section we discuss generalities on Borel subgroups. Definition 2.1. Let p be a prime, and n ≥ 1. We say that a subgroup B of GL(2, Z/p n Z) is Borel if every matrix in B is upper triangular, i.e.,
We say that B is a non-diagonal Borel subgroup if none of the conjugates of B in GL(2, Z/p n Z) is formed solely by diagonal matrices. If B is a Borel subgroup, we denote by B 1 the subgroup of B formed by those matrices in B whose diagonal coordinates are 1 mod p n , and we denote by B d the subgroup of B formed by diagonal matrices, i.e.,
Lemma 2.2. Let p > 2 be a prime, n ≥ 1 and let B ≤ GL(2, Z/p n Z) be a Borel subgroup, such that
is a Borel subgroup conjugated to B satisfying the following properties: and the statement is trivial. Otherwise, let v(B ) be the smallest non-negative among all the topright coordinates of matrices in B , and let e f 0 l ∈ B such that f ≡ 0 mod p n and the valuation of f is precisely v(B ). Then, the following commutator belongs to B :
Since e, l are units and a ≡ c mod p, we conclude that f (a/c−1)/l also has valuation v(B ).
Thus, we have shown that with
. This shows (1) . Moreover, it is clear that any commutator in [B , B ] has diagonal coordinates congruent to 1 modulo p n and, therefore, [B , B ] ≤ B 1 . Notice that if M ∈ B 1 , i.e., α ≡ γ ≡ 1 mod p n , and m ∈ Z as above, then U is the identity and M = V = (k m ) β ∈ B 1 . Since k is a commutator, this shows that
This shows (2) and concludes the proof of the lemma.
Remark 2.3. The result of the previous lemma is simply false for p = 2, i.e., the assumption p > 2 is not just technical (the requirement p > 2 is needed for the existence of a matrix g as in the statement of the lemma). For instance, the Borel group
is abelian, so the commutator of B is trivial. The results of the lemma are also not necessarily true if the diagonal entries of each element in the Borel subgroup B are congruent modulo p (i.e., if there is no such element g as in the statement of the lemma). For instance, let B be the subgroup
Suppose there is a subgroup B , which is a conjugate of B, such that B = B d B 1 . Since B has order p, it follows that either B ∼ = B d or B ∼ = B 1 . However, the matrices in B are not diagonalizable, and 1 is not a common eigenvalue so neither isomorphism can hold.
Ordinary good reduction
Let E be an elliptic curve defined over Q, and let p be a prime such that E/Q has good reduction at p. Let us fix an embedding ι : Q → Q p . Via ι, we may regard E as defined over Q p . We fix a minimal model of E over Z p with good reduction, given by
with a i ∈ Z ⊆ Z p . In particular, the discriminant ∆ is a unit in Z p . Moreover, since E/Z p has good reduction, we have an exact sequence
is the homomorphism given by reduction modulo the maximal ideal of the ring of integers of Q p , and X p n is the kernel of π n (see [35] , Ch. VII, Prop. 2.1).
From now on we assume that E has ordinary good reduction at a fixed prime p, i.e., the reduction of E mod p, denoted by E/F p , is an elliptic curve and its Hasse invariant is non-zero. It follows that X p n and E(F p )[p n ] are groups with p n elements ( [35] , Ch. V, Thm. 3.1). The Galois group
Let I ≤ G p be the inertia subgroup and let I n = I p,n be the image of
Then, I acts on E(F)[p n ] trivially (because I acts trivially on the residue field; see [35] , Ch. VII, §4, or [28] , Prop. 11 for details in the case when n = 1), and therefore I acts on X p n via χ n :
is precisely χ n . Thus,
In what follows, we fix a prime Ω of Q over p, and let ι : Q → Q p be the embedding associated to Ω. Via ι, we may consider an elliptic curve E/Q as an elliptic curve defined over Q p . Let Ω be a prime of Q(E[p n ]) lying under Ω, and let D Ω,n and I Ω,n be respectively the decomposition and inertia subgroups of Gal(Q(E[p n ])/Q) associated to Ω. In this setting D n , as above, can be identified with D Ω,n , and I n is identified with I Ω,n .
Lemma 3.1. If the decomposition group D n is diagonalizable, then inertia I n is diagonalizable. If p > 2, the converse is also true.
Proof. One direction is trivial: if D n is diagonalizable, then I n ≤ D n must be diagonalizable as well.
Let us now suppose now that p > 2. By our remarks above, the decomposition group D n is a Borel.
Let us assume that I n is diagonal, i.e., I n = χ n 0 0 1 , with respect to a Z/p n Z-basis
be the subgroups of D n defined as in Definition 2.1. Since p > 2 and since the cyclotomic character χ n : I n → (Z/p n Z) × is surjective (the base field here is Q p ), there is a diagonal matrix M = a 0 0 1 in I n ≤ D n with a ≡ 1 mod p. Hence, we can apply Lemma 2.2 with B = D n , g = M , and h = Id, and so
, so the extension is cyclic, of degree p s , for some 0 ≤ s ≤ n, and it is unramified because
/L is a finite unramified extension and, therefore, it is generated by a root of unity ζ of prime-to-p order ( [14] , p. 37). But, in this case,
Remark 3.2. The converse part of Lemma 3.1 (i.e., if p > 2 and I n is diagonalizable, then D n is diagonalizable) is not used in the proof our results, but we have included it here as it is interesting in itself.
Remark 3.3. The converse of the previous lemma is false for p = 2. For instance, let E be the curve with Cremona label "15a2", given by the model y 2 + xy + y = x 3 + x 2 − 135x − 660. The curve E has ordinary good reduction at p = 2. The 2-torsion of E is rational, so Q(E [2] )/Q is trivial and, therefore,
)/Q 2 ) and I 1 are trivially diagonalizable. However, even though D 2 is not, I 2 is diagonalizable. The extension Q(E [4] )/Q is of degree 4, isomorphic to a subgroup of GL(2, Z/4Z) of the form
and it ramifies in Q(i), it follows that 2O = ℘ 2 is the square of a prime ideal ℘ of K above 2. Hence, Q 2 (E [4] )/Q 2 is also an extension of degree 4 (a ramified extension of degree 2 followed by an unramified extension also of degree 2), with Galois group D 2 ∼ = B which is not diagonalizable. However,
Results of Serre ([33] , A.2.4) and Lemma 3.1 show that, for p > 2, the inertia subgroup I n is not diagonalizable for all n ≥ 1 if and only if E is not a CM curve. (1) The elliptic curve E has CM (over an extension of Q p ).
(2) The exact sequence
The inertia subgroups I n are diagonalizable for all n ≥ 1.
Lemma 3.5. Let p > 2 be a prime. Let E/Q be an elliptic curve with ordinary good reduction at p. With notation as above, suppose that I m is diagonalizable but I m+1 is not, for some m ≥ 1 (or m = ∞ if E has CM). Then there is a Z p -basis B of T p (E) such that the image of inertia, I, has the following structure:
where χ : Gal(Q p /Q p ) → Z × p is the cyclotomic character. Proof. By the remarks at the beginning of this section, we know that each I n and I = lim ← − I n are Borel subgroups of the form χ m * 0 1 , with respect to some basis
where χ m is the reduction of χ modulo p m . Since p > 2 and χ m is surjective, Lemma 2.2 implies the existence of a basis
where
Hence, if we put
Since (I) 1 is an abelian subgroup of I, the top right coordinates of the matrices in (I) 1 form an additive subgroup H of Z p , say H = p t Z p for some t ≥ 0. Thus,
First, suppose that m is finite. Since I m ≡ I mod p m is diagonalizable, we must have t ≥ m, and since I m+1 is not diagonalizable, it follows t = m. This shows that
as desired. If m = ∞, then t must be arbitrarily large, and so b ∈ (0).
The structure of the inertia subgroup described in the previous lemma has the following corollary on ramification indices. Theorem 3.6. Let E/Q be an elliptic curve without CM, and with ordinary good reduction at a prime p. If I m is diagonalizable for some integers m ≥ 1, then so is I n for all integers 1 ≤ n ≤ m. Moreover, if p > 2 and m is the largest integer such that I m is diagonalizable, then the ramification index of p in the extension
Proof. Let Ω be a fixed prime of Q(E[p n ]) above p. Suppose that there exists an integer n such that I n = I n (Ω|p) is diagonalizable, and let m be the largest such integer (a largest m exists by Theorem 3.4 because E does not have CM). Then, for every 1 ≤ n ≤ m, there is a basis of E[p n ] such that
where χ : Gal(Q/Q) → (Z/p n Z) × is the cyclotomic character (which is surjective). Since Q(E[p n ])/Q is Galois, the ramification index of any prime of Q(E[p n ]) over p is the same, and it follows that the ramification index of
then Lemma 3.5 implies that the image of the inertia subgroup, I n (Ω|p), is of the form
Gross' criterion and canonical liftings
We now turn our attention to finding m such that I m is diagonalizable, but I m+1 is not. A deep theorem of Gross provides the criterion we seek.
Theorem 4.1 (Gross; see [9] , p. 514; see also §14-15). Let p be a prime, and let E/Q be an elliptic curve with ordinary good reduction at p, with j = 0, 1728, and assume that
Let j E = j(E) be the j-invariant of E and let j 0 be the j-invariant of the "canonical lifting" of the reduction of j(E) modulo p, i.e., j 0 is the j-invariant of the unique elliptic curve E 0 /Q p which satisfies E 0 ≡ E mod p and End Qp (E 0 ) ≡ End Fp (E). Then D n is diagonalizable if and only if j E ≡ j 0 mod p n+1 if p is odd, and j E ≡ j 0 mod 2 n+2 if p = 2.
In order to use Gross' criterion (Theorem 4.1) we need to be able to calculate canonical liftings. In the rest of this section, we explain how to do so, and calculate a canonical lifting in several examples. Theorem 4.2 (Deuring; see [22] , §8). Let F be a perfect field of characteristic p > 0, and let E be an elliptic curve with j(E) ∈ F and with Hasse invariant = 0 (i.e., having the maximum number of points of order p). Let T p (x, y) be the classical modular polynomial relating the j-invariants of elliptic curves that have isogenies of degree p between themselves. Let W (F) be the ring of Witt vectors with coefficients in F and let s : W (F) → W (F) be the Frobenius automorphism given by
in Witt vector coordinates. Then, there is a canonical lifting of E/F to W (F), with j-invariant j 0 ∈ W (F). Moreover:
(1) One has T p (j 0 , s(j 0 )) = 0 and j 0 ≡ j(E) mod p; and
Corollary 4.3. Let p be a prime and let E/Q be an elliptic curve with ordinary good reduction at p. Then, there is a canonical lifting of E/F p to Q p , with j-invariant j 0 ∈ Q p . Moreover, j 0 satisfies
The proof of the corollary is clear, since W (F p ) = Q p and the Frobenius automorphism of Witt coordinates is the identity, as x → x p fixes F p .
Example 4.4. The classical modular polynomials T p (x, y) for p = 2 and 3 are given by
and T 2 (x, x), T 3 (x, x) factor as
Similarly, the polynomial T 5 (x, x) factors as
Hence, if E/Q is an elliptic curve with ordinary good reduction at p = 2, 3, or 5, then the canonical lift of the reduction of E modulo p is the following:
• If p = 2 and j(E) ≡ 1 mod 2, then j 0 = −3375 = −3 3 · 5 3 .
• If p = 3, and j(E) ≡ 1 or 2 mod 3, then j 0 = −32768 = −2 15 or j 0 = 8000 = 2 6 · 5 3 , respectively.
• If p = 5, and j(E) ≡ 1, 2 or 4 mod 5, then j 0 = 287496 = 2 3 3 3 11 3 , j 0 = −32768 = −2 15 , or j 0 = −884736 = −2 15 · 3 3 , respectively. 
and its root j 0 ∈ Q 37 has the following 37-adic expansion: For instance, let E/Q be the curve with j-invariant j(E) = −122023936/161051 and Cremona label 11a1, given by a Weierstrass model
The curve E has ordinary good reduction at p = 5, however, there is a 5-torsion point defined over Q, namely P = (16, 60). Hence, ρ E,p is reducible. Nonetheless, 
Curves with minimal ramification at p
We begin with a summary of the definitions and the precise statement of Hilbert's irreducibility theorem (see [20] , Chapter 9) that we will use in the proof of Theorem 5.4 (see [34] , Chapter 3, for another flavor of Hilbert's irreducibility).
Definition 5.1 ( [20] , Ch. 9). Let K be a field of characteristic 0, and let f (t 1 , . . . , t r , X 1 , . . . , X s ) = f (t, X) ∈ K(t)[X] be a polynomial in X 1 , . . . , X s with coefficients in K(t) which is irreducible as a polynomial in X variables. A basic Hilbert set is a subset U f,K of the affine space A r (K) consisting of those points t = (t 1 , . . . , t r ) ∈ K r at which the coefficients of f are defined, and such that f (t , X) is irreducible in K[X] over K. A Hilbert subset of A r (K) is a set defined as the intersection of a finite number of basic Hilbert sets with a finite number of non-empty Zariski open subsets of A r (K). A field K is called hilbertian if the Hilbert subsets of A r (K) are not empty (and thus are infinite). We are now ready to prove the first part of Theorem 1.1.
Theorem 5.4. For every prime p and every n ≥ 1, and for every ordinary j-invariant λ ∈ F p , with λ ≡ 0, 1728 mod p, there are infinitely many non-isomorphic, non-CM, elliptic curves E, defined over Q, with j(E) ≡ λ mod p (and with ordinary good reduction at p) such that the ramification index of p in the extension Q(E[p n ])/Q is exactly ϕ(p n ), and E[p] is an irreducible Gal(Q/Q)-module. In particular, Q(E[p n ])/Q(ζ p n ) is unramified at p.
Proof. Let p be a fixed prime, and let U be the subset of Q formed by those j-invariants ι 0 ∈ Q such that if E/Q is an elliptic curve with j(E) = ι 0 , then E[p] is an irreducible Gal(Q/Q)-module. We claim that U contains a Hilbert set V ⊆ U . Indeed, if E[p] is reducible, then j(E) gives rise to a non-cuspidal rational point on the modular curve X 0 (p). We distinguish two cases:
• If X 0 (p) is a curve of genus ≥ 1 and X 0 (p)(Q) is non-empty, then Mazur's theorem on isogenies of prime degree ( [24] ) says that p is a prime in the list 11, 17, 19, 37, 43, 67, 163, but in all these cases X 0 (p)(Q) has only finitely many points (see for example Section 9 and Table 4 of [21] ). Hence, there are at most finitely many exceptions in ι 0 ∈ Q such that E[p] is reducible. Hence V = U is a non-empty Zariski open set of Q, and therefore a Hilbert set.
• If X 0 (p) is a curve of genus 0, then the set of j-invariants of elliptic curves over Q with E [p] reducible is given by a one parameter family
where φ p (h) is a rational function of degree ≥ 3 (see [21] , Section 9, for the explicit rational function φ p ). Let φ p (h) = up(h) vp(h) , where u p and v p are relatively prime polynomials in Q[h]. Then, ι 0 ∈ Q is in U if and only if φ p (h) = ι 0 has no root h 0 ∈ Q or, equivalently, if
, then the basic Hilbert set V = U fp,Q is contained in U , since ι 0 ∈ U fp,Q implies that f p (ι 0 , x) is irreducible over Q, and therefore has no rational roots x 0 ∈ Q. Therefore, in all cases U contains a Hilbert set.
Let λ ∈ F p be a fixed ordinary j-invariant, with λ ≡ 0 or 1728 mod p. Notice that there is always at least one such ordinary j-invariant λ in F p : if p = 2, then λ = 1; if p = 3, we may pick λ ≡ 1 or 2 mod 3; if p = 5, we may pick λ ≡ 1, 2 or 4 mod 5; if p > 5, there are at least p − ([p/12] + ε p ) ≥ 11p/12 − 2 ≥ 11 · 7/12 − 2 ≥ 4 ordinary j-invariants in F p , where ε p = 0, 1, 1, 2 if p ≡ 1, 5, 7, 11 mod 12, respectively (see [35] , Ch. V, Theorem 4.1.(c)), so at least one of them is ≡ 0 or 1728 mod p.
Let E 0 /Q p be the unique canonical lift to Q p with j-invariant j 0 = j(E 0 ) ≡ λ modulo p, and define C λ,n = {j ∈ Q ∩ Z p : j ≡ j 0 mod p n+1 } for p > 2, and C λ,n = {j ∈ Q ∩ Z 2 : j ≡ j 0 mod 2 n+2 } when p = 2. By Theorem 5.2, the field Q is hilbertian and, by Theorem 5.3, the Hilbert set V ⊆ U is dense for the p-adic topology. Since C λ,n is an open set p-adically, it follows that C λ,n ∩ V is infinite and contained in U . Moreover, there are only 13 rational CM j-invariants (see [36] , Appendix A, §3). Hence, the set H λ,n of j-invariants with j ≡ j 0 mod p n+1 (with j ≡ j 0 mod 2 n+2 when p = 2), such that E[p] is irreducible, and such that j has no complex multiplication, is infinite. For each j ∈ H λ,n let E be the curve given by the Weierstrass equation
with j-invariant j(E) = j and discriminant ∆ n = j 2 (j − 1728) 9 . Since j ≡ j 0 ≡ λ mod p, and λ was chosen so that λ ≡ 0, 1728 mod p, it follows that ∆ ∈ F × p and, in particular, ∆ = 0. Thus, E/Q is an elliptic curve with good reduction at p. Since j(E) = j ≡ λ mod p, and λ ∈ F p is an ordinary j-invariant, we conclude that E has ordinary good reduction at p. Since j ∈ H λ,n , the curve E is not a CM curve. Finally, j(E) = j ≡ j 0 mod p n+1 if p > 2, and j(E) ≡ j 0 mod 2 n+2 if p = 2. Since E[p] is an irreducible Gal(Q/Q)-module, then by Theorem 4.1 the decomposition group D n is diagonalizable, hence I n is diagonalizable by Lemma 3.1. Therefore, we have m ≥ n in Theorem 3.6, and the ramification index in Q(E[p n ])/Q is exactly ϕ(p n ), as claimed.
Hence, we have shown the existence of infinitely many non-isomorphic, non-CM curves, as in the statement of the theorem, one for each j in the infinite set H λ,n .
Examples
In the following examples we follow the recipe in the proof of Theorem 5.4 to find elliptic curves such that the ramification of p in Q(E[p n ])/Q is precisely ϕ(p n ).
Example 6.1. Let p = 2, and let λ = 1. In Example 4.4 we have calculated the canonical lifting of λ, and it is j 0 = −3375. Now we can take j n,k = −3375+2 n+2 ·k, for each n ≥ 1 and k ≥ 1, and let E n,k be a curve with j(E n,k ) = j n,k given by a Weierstrass model as in the proof of 5.4, with discriminant ∆ n,k = j 2 n,k (j n,k − 1728) 9 . The curve X 0 (2) is of genus 0, and the function φ 2 (h) = (h + 16) 3 /h (see [21] , Section 9). Let us define
It follows that if f 2 (j n,k , x) ∈ Q[x] has no rational roots x ∈ Q, then E n,k [2] is irreducible, and therefore the ramification of any prime ideal above 2 in Q(E n,k [2 n ])/Q will be precisely ϕ(2 n ).
Using the software Magma, we have verified that, indeed, f 2 (j n,k , x) is irreducible over Q[x] for all 1 ≤ n ≤ 100 and all 1 ≤ k ≤ 100, and none of the j-invariants j n,k in this range has CM.
Example 6.2. Let p = 3, and let λ = 2. In Example 4.4 we have calculated that the canonical lifting of λ is j 0 = 8000. Now we can take j n,k = 8000 + 3 n+1 · k, for each n ≥ 1 and k ≥ 1, and let E n,k be a curve with j(E n,k ) = j n,k , and discriminant ∆ n,k = j 2 n,k (j n,k − 1728) 9 . The curve X 0 (3) is of genus 0, and the function φ 3 (h) = (h + 27)(h + 3) 3 /h. Let us define
It follows that if f 3 (j n,k , x) ∈ Q[x] has no rational roots x ∈ Q, then E n,k [3] is irreducible, and therefore the ramification of any prime ideal above 3 in Q(E n,k [3 n ])/Q will be precisely ϕ(3 n ).
Using the software Magma, we have verified that, indeed, f 3 (j n,k , x) is irreducible over Q[x] for all 1 ≤ n ≤ 100 and all 1 ≤ k ≤ 100, and none of the j-invariants in this range has CM.
Example 6.3. Let p = 5, and let λ = 2. In Example 4.4 we have calculated that the canonical lifting of λ is j 0 = −32768. Now we can take j n,k = −32768 + 5 n+1 · k, for each n ≥ 1 and k ≥ 1, and let E n,k be a curve with j(E n,k ) = j n,k , and discriminant ∆ n,k = j 2 n,k (j n,k − 1728) 9 . The curve X 0 (5) is of genus 0, and the function φ 5 (h) = (h 2 + 10h + 5) 3 /h. Let us define
It follows that if f 5 (j n,k , x) ∈ Q[x] has no rational roots x ∈ Q, then E n,k [5] is irreducible, and therefore the ramification of any prime ideal above 5 in Q(E n,k [5 n ])/Q will be precisely ϕ(5 n ).
Using the software Magma, we have verified that, indeed, f 5 (j n,k , x) is irreducible over Q[x] for all 1 ≤ n ≤ 100 and all 1 ≤ k ≤ 100, and none of the j-invariants in this range has CM.
Example 6.4. Let p = 37, and let λ = 7. In Example 4.5 we have calculated that the canonical lifting of λ is j 0 ∈ Q 37 , with the following 37-adic expansion: j 0 = (7 mod 37, 266 mod 37 2 , 11218 mod 37 3 , 1632114 mod 37 4 , 12877080 mod 37 5 , . . .) ∈ Q 37 .
Let α n be a positive integer congruent to j 0 mod 37 n+1 , e.g., α 1 = 266, α 2 = 11218, α 3 = 1632114, etc. Now we can take j n,k = α n + 37 n+1 k, for each n ≥ 1 and k ≥ 1, and let E n,k be a curve with j(E n,k ) = j n,k , and discriminant ∆ n,k = j 2 n,k (j n,k − 1728) 9 . The curve X 0 (37) is of genus 2, and it has only two rational non-cuspidal points, which correspond to the j-invariants j 1 = −7 · 11 3 and j 2 = −7 · 137 3 · 2083 3 .
It follows that if j n,k = j 1 or j 2 , then E n,k [37] is irreducible, and therefore the ramification of any prime ideal above 37 in Q(E n,k [37 n ])/Q will be precisely ϕ(37 n ). Since j n,k is always positive, and j 1 , j 2 < 0, it follows that j n,k = j 1 or j 2 , for all k ≥ 0, and all n ≥ 1, and the ramification properties we seek actually hold for all curves E n,k . Moreover, the only positive CM j-invariants are ≡ 0, 6, 8, 10, 26, 33 mod 37. Since none of them is ≡ 7 mod 37, we conclude that none of the j n,k have complex multiplication.
SL 2 extensions of cyclotomic fields
In this section we are interested to construct examples of SL(2, Z/p n Z) extensions of Q(ζ p n ), that are unramified at primes above p.
Example 7.1. Let p = 37, as in the previous example, and consider the curve
with j-invariant j(E) = 266 and ordinary good reduction at p = 37. Since 266 is not one of 13 rational CM j-invariants (see [36] , Appendix A, §3), it follows that E is not a CM curve. Since j(E) = 266 is not one of two rational non-cuspidal points of X 0 (37), it follows that E[37] is irreducible as a Galois module. Hence, Theorem 4.1 and Theorem 3.6 show that the ramification of any prime ideal above
is unramified at all the prime ideals above 37.
Let ρ E,37 : Gal(Q/Q) → GL(2, Z/37Z) be the Galois representation associated to the natural action of Galois on E[37]. Using Proposition 19 of [28] , one can verify that, in fact, ρ E,37 is surjective (Serre's criterion is also implemented in the software package Sage). Hence, Gal(Q(E[37])/Q) ∼ = GL(2, Z/37Z), and Gal(Q(E[37])/Q(ζ 37 )) ∼ = SL(2, Z/37Z), because the determinant of ρ E,37 is χ, the cyclotomic character. Hence, Q(E[37]) is a Galois extension of Q(ζ 37 ), with Galois group SL(2, Z/37Z), and unramified at the prime ideal above 37.
Notice, however, that the conductor of E is N E = 2 3 · 7 2 · 17 2 · 19 2 · 43 2 . By the criterion of Néron, Ogg, and Shafarevich, the extension Q(E[37])/Q(ζ 37 ) may be ramified at primes above 2, 7, 17, 19, and 43. Theorem 7.2 (Serre, [28] , §2; [31] , Lemme 18) . Let E/Q be an elliptic curve. Let G be the image of ρ E,p , and suppose G = GL (E[p] ). Then one of the following possibilities holds:
(1) G is contained in the normalizer of a split Cartan subgroup of GL(E[p]); or (2) G is contained in the normalizer of a non-split Cartan subgroup of
, where S n is the symmetric group and A n the alternating group; or (4) G is contained in a Borel subgroup of GL (E[p] ). Moreover, option (3) can only happen for p ≤ 13.
Mazur [24] has shown that option (4) can only happen if p ≤ 163, and p ≤ 37 if E does not have CM. Building on [1] and some recent work of Gaudron and Rémond [12] , the collaborators Bilu, Parent and Rebolledo [2] have shown the following result on curves whose image is of split Cartan type.
Theorem 7.3 (Bilu, Parent, Rebolledo, [2] ). Let p ≥ 11, with p = 13, be a prime number. If E/Q is an elliptic curve such that the image of ρ E,p is contained in a normalizer of a split Cartan subgroup, then the curve E/Q has CM by a quadratic imaginary field K and p splits in K/Q.
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As a Corollary of the two previous theorems, and our Theorem 5.4, we obtain infinitely many examples of the SL 2 extensions we want.
Theorem 7.4. For every prime p ≥ 17 and every n ≥ 1, and for every ordinary j-invariant λ ∈ F p , with λ ≡ 0, 1728 mod p, there are infinitely many non-isomorphic, non-CM, elliptic curves E, defined over Q, with j(E) ≡ λ mod p (and with ordinary good reduction at p) such that the ramification index of p in the extension Q(E[p n ])/Q is exactly ϕ(p n ), and
Proof. Let p ≥ 17 be a prime, let n ≥ 1 be fixed, and let λ ∈ F p be an ordinary j-invariant with j ≡ 0, 1728 mod p. Let E be one of the infinitely many non-isomorphic, non-CM elliptic curves whose existence is proven by Theorem 5.4, and let G be the image of the representation ρ E,p : Gal(Q/Q) → GL(2, Z/pZ). is not irreducible, but the curves E were chosen so that the p-torsion was an irreducible Galois module, so that we could apply Gross' criterion. Hence, the only possibility is that G = GL(2, Z/pZ). Since p ≥ 17 ≥ 5, and our curves are defined over Q, we can use [33] , IV-23, Lemma 3, to conclude that ρ E,p : Gal(Q/Q) → GL(2, Z/p n Z) is also surjective (in fact, the representation is surjective p-adically). Therefore,
is unramified at primes above p by Theorem 5.4, and this concludes the proof of the theorem.
Example 7.5. For each n ≥ 1 and each k ≥ 1, let E n,k /Q be the elliptic curves described in Example 6.4. Then, these curves are non-isomorphic, non-CM, defined over Q, with j(E) ≡ 7 mod 37 (and with ordinary good reduction at 37) such that the ramification index of 37 in the extension Q(E[37 n ])/Q is exactly ϕ(37 n ), and E[37] is an irreducible Gal(Q/Q)-module. Hence, by the same argument as in the proof of Theorem 7.4, we conclude that Gal(Q(E[p n ])/Q(ζ p n )) ∼ = SL(2, Z/p n Z).
Ramification away from p
The goal of this section is to show that if E/Q is an elliptic curve such that the Galois representation on the p-torsion ρ E : Gal(Q/Q) → GL(E[p]) is absolutely irreducible, then the extension Q(E[p n ]) over Q(ζ p n ) has to ramify at some non-archimedian prime away from p. Later on, in the last part of this section, we will show examples of elliptic curves where the extension Q(E[p n ])/Q(ζ p n ) is ramified above a single prime q = p. In order to show Theorem 1.2, we shall use Serre's modularity conjecture, which is now a theorem of Khare and Winterberger. Here, however, we only need the so-called level 1 case, which was shown independently by Dieulefait, and Khare.
Theorem 8.1 (Serre's modularity conjecture, [32] , [16] , [6] , [17] , [18] ). Let p be a prime, let F be a finite field of characteristic p, and let ρ : Gal(Q/Q) → GL(2, F) be a continuous, absolutely irreducible, two-dimensional, odd (i.e., det(ρ(τ )) = −1 for any complex conjugation τ ) Galois representation. Let k(ρ) be its optimal weight (as defined in [32] ) and suppose that N (ρ), the (prime-to-p) Artin conductor of ρ, is identically 1. Then, ρ arises from S k(ρ) (SL 2 (Z)), i.e., there is a cusp form f ∈ S k(ρ) (SL 2 (Z)) and an integral model ρ f : Gal(Q/Q) → GL(2, O) of its associated p-adic Galois representation, with O the ring of integers of a finite extension of Q p , such that the reduction of ρ f modulo the maximal ideal of O is isomorphic to ρ.
Before we prove our theorem, we remind the reader about the definition of the Artin conductor of a representation, following [32] , Section 1.2. Let V be a 2-dimensional vector space over F p and let ρ : Gal(Q/Q) → GL(V ) be a continuous Galois representation. Then, the Artin conductor of ρ is defined as
where n( , ρ) ≥ 0 are non-negative integers defined as follows. For each prime number = p, let ν be an extension to Q of the -adic valuation of Q, and let
be the (higher) ramification groups of G with respect to ν. Let V i be the subspace of V whose elements are fixed by G i , and define
It is worth noting that: (1) n( , ρ) = 0 if and only if G 0 = {1}, i.e., if and only if ρ is unramified at , and (2) n( , ρ) = dim V /V 0 if and only if G 1 = {1}, i.e., if and only if ρ is tamely ramified at . We also need to recall some facts about the optimal weight k(ρ), which is defined in [32] , §2. In particular, we need the following result. Proposition 8.2 (Serre, [32] , §2.9, Prop 5). Let p be a prime, let E/Q p be an elliptic curve, and let ρ : Gal(Q p /Q p ) → GL(2, F p ) be the representation attached to the natural action of Galois on the
is divisible by p, and k(ρ) = p + 1 otherwise.
We are now ready to prove Theorem 1.2. The idea of the proof is due to Robert Pollack.
Proof of Theorem 1.2. Let E/Q be an elliptic curve such that the Galois representation on the p-
) is absolutely irreducible, and with either good reduction at p, or with multiplicative reduction at p and ν p (j(E)) divisible by p. Suppose for a contradiction that the extension Q(E[p n ]) over Q(ζ p n ) is unramified at all primes not above p. Then, the exten-
is also unramified at all primes not above p, because of the multiplicativity of ramification indices in towers, and because Q(ζ p n )/Q(ζ p ) is only ramified above p. Now, let ρ E : Gal(Q/Q) → GL(E[p]) ∼ = GL(2, F p ) be the representation associated to the natural Galois action on E[p]. This representation is continuous, absolutely irreducible (by assumption), and odd (see, for instance, [26] , Section 1.1.2). By our assumptions on the reduction type of E and Proposition 8.2, its weight is k(ρ E ) = 2. Moreover, we have shown that Q(E[p])/Q is only ramified above p and, thus, ρ E is unramified outside p. It follows from our remarks above on the Artin conductor that N (ρ E ) = 1. Hence, Theorem 8.1 implies that ρ E arises from S 2 (SL 2 (Z)). However, S 2 (SL 2 (Z)) = {0} by Theorem 3.5.2 of [5] so this is impossible.
We remark that if Gal(Q(E[p])/Q) ∼ = GL(2, F p ), then the Galois representation ρ E is absolutely irreducible, therefore satisfying the hypothesis of Theorem 1.2. It follows that if E/Q has good reduction at p, and
must ramify (at least) at some prime above a rational prime q = p. In the rest of this section, we find examples where the ramification happens exactly at primes above one single rational prime q = p. Theorem 8.3 (Kida, [19] , Theorems 1.1 and 1.2). Let q and p ≥ 2 be distinct primes. Let E/Q be an elliptic curve. Then:
(1) The extension Q(E[p])/Q is unramified at the primes above q if and only if E/Q has (a) good reduction at q, or (b) multiplicative reduction at q and ν p (−ν q (j(E))) is a positive integer. (2) Assume that Q(E[p])/Q is unramified at q, and E/Q has multiplicative reduction at q. Then, Q(E[p n ])/Q is unramified if and only if 1 ≤ n ≤ ν p (−ν q (j(E))).
Example 8. 4 . Let E/Q be the curve with Cremona label 11a1. We saw in Question 4.7 that Q(E[5]) = Q(ζ 5 ), and therefore the extension Q(E [5] )/Q(ζ 5 ) is trivially unramified at 5. Note however that E has bad reduction at 11, and Q(E [5] )/Q is unramified at 11. Kida's Theorem 8.3 says that the bad reduction at 11 must be multiplicative, and ν 5 (−ν 11 (j(E))) must be positive. Indeed, the reduction is bad multiplicative (∆ = −11 5 , c 4 = 2 4 · 31) and j(E) = − 122023936 161051 = − 2 12 · 31 3 11 5 , and so ν 5 (−ν 11 (j(E))) = 1 > 0.
Example 8.5. In this example we find primes p, integers n ≥ 1, and elliptic curves E/Q such that Gal(Q(E[p n ])/Q) ∼ = GL(2, Z/p n Z) and such that Q(E[p n ])/Q(ζ n p ) is unramified at primes above p, and only ramified at primes above at most one prime q = p. In order to find such examples, it suffices to find elliptic curves with the following properties: (a) E/Q with ordinary good reduction at p; (b) if j(E) ≡ λ ∈ F p , and j 0 is the canonical lift of λ, then j(E) ≡ j 0 mod p n+1 if p is odd (and mod 2 n+2 for p = 2); (c) the representation ρ E,p : Gal(Q/Q) → GL(2, Z/p n Z) must be surjective (one can be verify with Sage whether ρ E,p : Gal(Q/Q) → GL(2, F p ) is surjective; if p ≥ 5, then ρ E,p is surjective if and only if ρ E,p is surjective); (d) there is at most one prime of additive reduction q; and (e) every prime of multiplicative reduction satisfies 1 ≤ n ≤ ν p (−ν (j(E))).
For instance, let p = 5, and let E/Q be the curve with Cremona reference "61a1" and j-invariant j = −912673/61, given by the model y 2 + xy = x 3 − 2x + 1.
The curve E/Q has bad multiplicative reduction at 61 (with Kodaira symbol I1), and good reduction elsewhere. Note that j ≡ 7 ≡ −32768 ≡ j 0 mod 25, where j 0 = −32768 is the canonical lift of λ = 2 ∈ F 5 . With the help of Sage, we have verified that ρ E,5 : Gal(Q/Q) → GL(2, F 5 ) is surjective. Finally, notice that there is only one prime of bad reduction, namely q = 61. Hence, all the necessary hypotheses are met, and Q(E [5] )/Q(ζ 5 ) is a SL(2, F 5 ) extension that is only ramified at primes above a unique rational prime, namely q = 61.
In the following table we give a few examples we have found using Cremona's tables (all curves with conductor ≤ 300000, a total of 1887909 curves) of primes p, integers n ≥ 1, and curves E/Q with j-invariant j(E) that verify conditions (a) through (e) as above. In all examples we have verified that ρ E,p : Gal(Q/Q) → GL(2, F p ) is surjective (with Sage). If p ≥ 5, then ρ E,p : Gal(Q/Q) → GL(2, Z/p n Z) is also surjective. We conclude with an example of an elliptic curve whose conductor is not prime. Let E/Q be the curve with label "309a1" and model y 2 + xy = x 3 − 6x + 9.
The curve E/Q has bad multiplicative reduction at 3 and 103, with Kodaira symbols I5 and I1 respectively, and good reduction elsewhere. The j-invariant of E satisfies j(E) = − 24137569 25029 = −17 6 · 3 −5 · 103 −1 ≡ 14 mod 25.
Thus, j(E) ≡ j 0 mod 25, where the canonical invariant in this case is j 0 = −884736 (see Example 4.4). With the help of Sage, we have verified that ρ E,5 : Gal(Q/Q) → GL(2, F 5 ) is surjective. Hence, all the necessary hypotheses are met, and Q(E [5] )/Q(ζ 5 ) is a SL(2, F 5 ) extension that is only ramified at primes above a unique rational prime, namely q = 103. However, the extension Q(E [25] )/Q(ζ 25 ) also ramifies at primes above 3.
